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Abstract. A new first-order phase transition is proposed to manifest itself in rotating 3He-B 
for the vortex-free state, owing to counterflow. The 'flare-out' texture is found to become 
spontaneously unstable towards a new 'flare-in' texture, which is suggested to explain the 
transition, first observedwith theuseofNMRby HakonenandNummilain 1987andconfirmed 
by Korhonen and co-workers in 1989, to a previously unidentified state characterised by a 
signalcorrespondingtop = 90",i.e.,withavectorriperpendiculartoH 1 1  Cl llz. Thistransition 
is also expected to be observable in other experiments, such as ones based on  ultrasonic 
measurements, on  the vortex-free state of rotating superfluid 3He-B, a new tenfold splitting 
of the real squashing mode is predicted to occur for the flare-in texture. 

1. Introduction 

N M R  experiments on the rotating A and B phases of 3He gave rise to the discovery 
of quantised vortex lines in these exotic superfluids (for recent experimental and 
theoretical reviews, see Hakonen et a1 1989b, Salomaa and Volovik 1987, respectively). 
The flare-out A texture (Brinkman et a1 1974, Smith et al 1977, Spencer and Ihas 1982), 
which exists in superfluid 3He-B in a cylinder for an axial magnetic field, is modified 
by vortices (Gongadze et a1 1981) in the rotating equilibrium state; this results in a 
smooth change of the n* texture, which is reflected in the spin-wave spectrum (Maki and 
Nakahara 1983, Hakonen and Volovik 1982, Theodorakis and Fetter 1983, Jacobsen 
and Smith 1983, Hakonen et al 1989a) localised on the flare-out-like texture. 

In this paper, I consider a different, discontinuous, textural effect which has been 
observed in rotating 3He-B. In the first N M R  experiments (Hakonen et al 1983), a 
vortex-free state was obtained immediately after the start of rotation. This texture was 
believed to be just a transient one which could only exist for about one minute after the 
start of rotation, prior to the 3He vortices being nucleated. However, recent experiments 
(Hakonen and Nummila 1987) have amply demonstrated that the vortex-free state can 
be made to persist for an arbitrarily long time for angular velocities less than a critical 
value, R < Q*, which depends on pressure, temperature and the direction of rotation. 
The experimental cell, having smooth walls, was equipped with a Mylar diaphragm 
possessing a 1.5 mm hole; the latter was installed in order to separate the cylindrical 
(radius R)  sample from the heat-exchanger volume, whereby vortex formation in the 
h'MR volume became strongly inhibited. 

Hakonen and Nummila reported two interesting phenomena in the vortex-free state, 
in the presence of a normal liquid versus superfluid counterflow: (i) an asymmetry of 

0953-8984,90 051325+09$03.50 @ 1990 IOP Publishing Ltd 1325 



1326 M M Salomaa 

1 , I 

the spin-wave spectrum with respect to reversal of the sense of rotation, l2 - -a, 
even though there were no vortices present (with consequent ferromagnetic cores, thus 
possibly giving rise to a gyromagnetic effect; cf Salomaa and Volovik 1987); and (ii) the 
appearance, for R > a*, of a new, narrow peak in the N M R  spectrum, corresponding to 
sin'p = 1, i.e., with p = 90" (cf equation ( 2 ) ) .  More recent experiments by Korhonen 
et al (1989), with a somewhat different geometry, have not reproduced the (small) 
asymmetry, but have further confirmed the sharp s in2p  = 1 feature in the N M R  
spectrum and helped to clarify the metastabilities in its occurrence. 
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Figure 1. The computed energies for the two depicted vortex-free &vector textures as func- 
tions of R, the angular velocity of rotation: the conventional flare-out texture, with 
n*(r = 0) 11 occurs for R < R' = 0.331 rads-'. The new flare-in texture, with 
h(r = 0) 11 -a, is here found to be energetically more favourable for R > R'. The 
countercurrent-driven transition between these two textures is of first order, thus explain- 
ing the experimentally investigated metastability. I n  all figures I have chosen parameters 
appropriate at p = 10.3 bar, T = 0.58 T, and H = 27.3 mT (cf figure 4). 

It has been suggested (Salomaa and Volovik 1989) that the first effect, i.e. the 
spin-wave asymmetry, would arise from a possible A-phase surface layer (Thuneberg 
1986) on bulk 3He-B. The second effect, an  N M R  signal at  f l  = 90°, is here first 
proposed to arise through a first-order phase transition, see figure 1, between two 
distinct textures with the same axial and discrete symmetries, but possessing different 
real-space topologies. This appears to account well for the measured PL'MR spectra. 

2. The flare-out texture 

The B-phase order parameter is an  orthogonal matrix with elements R,, which describes 
the rotation of the spin system with respect to the orbital quantisation axis through the 
'magic' angle 0, = cos-'(-:) about the axis n*. The conventional &vector distribution 
in a straight cylinder, for an  axial magnetic field, is the so-called flare-out texture with 

(1) R,, = cos Bo 6,, + (1 - cos 8&n, - ezrknk sin 8, 
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where 

h(r ,  cp) = icos  P ( r )  + sin P(r) ($  sin r ( r )  - ?cos a ( r ) ) .  (2) 

Here r ,  cp and z denote the cylindrical coordinates, and r ( r )  and P ( r )  specify the local 
orientation of the h vector. 

On the walls of the cylinder, the boundary condition for h is imposed by the surface 
magnetic anisotropy energy: 

Fsurf = -d ( H & , ~ J 2  (3) 

where C is normal to the cylinder wall. A minimisation of this surface energy produces 
four different sets of boundary conditions at the radius r = R :  

(4) 

where a = 1,2,3,4. with the signatures f~ ( l )  = (+, +, -), f~ ( 2 )  = (+, -, +), fJ (3) = (-, +, +) 

1 
h'"'(R,cp) = -((a%+o,(")r*+ h o p j )  J s '  

and f ~ ( ~ )  = (-,---). This gives four degenerate axisymmetric h textures which may 
be transformed into each other through symmetry operations (cf figure 2 of Salomaa 
and Volovik 1989), thus manifesting the symmetry breaking induced by the boundary 
conditions which are here taken as rigid; this serves to illustrate the basic mechanism 
for the new phase transition. 

3. The flare-in texture 

Numerical calculations of the h texture with rigid boundary conditions usually take 
into account only the conventional flare-out texture (Spencer and Ihas 1982, Volovik et 
a /  1982, Hakonen et al 1983, 1989a, Salomaa and Volovik 1989, Nummila et a1 1989), 
characterised by the variation of /3 between 0" and 63.4", but overlook the possibility 
of another solution whose energy is also a local minimum in the configuration space. 
This competing flare-in texture is characterised by the range of variation in p > 90"; I 
have also computed the latter h-vector textures. 

In the bulk B phase, the magnetic anisotropy free energy is given by (following 
experimental arrangements, I choose an axial magnetic field 9 :  H k  = H i k ) :  

F ,  = - a ( h . H ) * .  ( 5 )  

The superfluid-normal liquid countercurrent 

w = U, - U ,  = -0 x Y 

FAOW = -Sa(wjRi,Hk)2/&, 2 

(6) 

present in the vortex-free state, gives rise to the free-energy term 

(7) 

where the dipolar critical velocity, uD = 0.30 mm s-l, is obtained by interpolation from 
recent measurements (Nummila et al 1989). The gradient free energy is given by 
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where the parameter c = a H 2 ( $ ,  with the magnetic healing length tH3, for which I use 
the data of Hakonen er al (1989a); hence there are no free parameters in the present 
calculation. 

Inserting the representation (2) for n* into ( 5 ) ,  (7) and (8) gives the following 
minimisation problem for z ( r )  and p ( r ) :  

+(&sin z cos p - f i c o s  z> -+ sin /3 (& cos z cos D+&sin z) sin p x ' ]  * 
r 

where z' = (dx/dr), p' (cf Hakonen et a1 1989a), and 
rQ = v,/R; here I use R = 3.5 mm in the computations, to comply with the latest 
experimental cell. The minimisation problem posed by (9) was first solved by Volovik 
et a1 (1982), but only for the flare-out-like n* textures. Here I have included also the 
flare-in structures. The resulting free energies for these two competing textures are 
shown in figure 1 as functions of R. For brevity, all calculations presented here are 
performed with parameters appropriate at  p = 10.3 bar, H = 27.3 mT and T = 0.58 T, 
to facilitate comparison with the data given later (see figure 4). 

The critical angular velocity obtained, R* = 0.331 rads-', is in a remarkably good 
agreement with the critical rotation speeds for which the sharp peak at  sin2@ = 1 
first appears: in the experiments of Korhonen et a1 (1989), R; 2~ 0.35 rads-' upon 
acceleration and R l  2~ 0.24 rads-' during deceleration fall just above and below the 
theoretical estimate, respectively. Presumably, due to the hysteretic character of the 
first-order transition, one ought rather to compare equilibrium energies with the average 
value, i(R;+Rl) = 0.30 rad SKI. Moreover, the present, very simple, textural calculation 
does not account for the possible small additional surface energies (cf Salomaa and 
Volovik 1989), but such contributions are not quantitatively well known at  present. 
Changing the value of uD from 0.30 mms-' (experimental estimate) to 0.24 mms-' 
(theoretical estimate) only shifts the computed transition from R* = 0.331 rads-'  to 
0' = 0.264 rads-' ,  which is still in fair agreement with the measured values under 
the same conditions. One obtains a fair estimate for the measured hysteresis in R 
by taking the textural transition to occur where the energy surplus (textural energy 
difference between the flare-out and the flare-in configurations) corresponds to the 
energy, according to ( 5 ) ,  required to reverse n* in the appropriate volume. 

Figures 2 display the computed dependence of the angles ~ ( r )  and P ( r )  on the 
angular velocity of rotation for the two possible rotating vortex-free counterflow states 
of 3He-B. For the flare-out-like textures, in particular, I want to point out the large 
gradients induced in p ( r )  and x ( r )  for r + R when R 2 R* = 0.331 rads-';  note 
how p( r )  bends over twice, becoming double-valued near the wall. In contrast to the 
flare-out-like texture, the countercurrent peak for the flare-in N M R  spectrum does not 
split since B ( r )  in figure 2(b) remains single-valued everywhere. The flare-in textures 
display a smooth behaviour for x(0 I r I R) and, especially, for the value of P ( r  -+ R) 
that results in a considerable reduction in the gradient free energy, equation (8), of the 
flare-in texture near the walls in comparison with that of the flare-out texture. 

It is 
interesting, in particular, to compare the angles x ( r )  and P ( r )  for the two textures 

(dB/dr), th = 

This explains the crossing of the textural energies at  R = 0.331 rads-'. 
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Figure 2. Radial distributions for the h-textural angles r (broken curve) and (full curve), 
defined in equation (2), as functions 0f.R (in rads- ' )  for the vortex-free textures in 3He-B. 
(a ) The flare-out texture. ( h )  The flare-in texture. 

and $are-in - - at R = 1 rads- ' :  up to the transformations pflareP1" = 71 - 
, the curves are to all intents and purposes the same in the bulk region; 

a difference only appears in a narrow shell in the vicinity of the walls, where the 
countercurrent-induced textural reversal of n* takes place. 

71 - %flare-out 

4. The NMR signature of the flare-in texture 

The angle p between 6 and H determines the shift of the N M R  resonance frequency w 
with respect to the Larmor frequency wo in transverse N M R  (Leggett 1973, Osheroff 
1977) : 

w - wo = (3) sin* p 
2WO 

where R, coo is the Leggett frequency. Here I am not interested in the individual 
positions of the N M R  absorption peaks, but rather in the overall lineshape of the power 
spectrum P (U) thus I may apply the local-oscillator approximation : 

R 

where the local N M R  frequency w(r)  is given by (10). The computed P ( o )  is displayed 
in figure 3. For R = 0 in figure 3(a) ,  the flare-out lineshape is characterised by a sharp 
absorption maximum at the Larmor frequency coo, corresponding to s in2p = 0. For 
larger R, such as R = 0.33 rads-'  in figure 3(b) ,  the centre-of-mass of the spectrum 
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shifts towards higher frequencies. At the critical value C2 = a*, the counterflow peak 
(Volovik e t  al 1982) appears very pronounced. On further increasing R, there would 
emerge Van Hove singularities in P ( w )  which would follow from the two extrema in 
sin' P ( r )  near the wall; see the curve for R = 1 rad sP1 in figure 2(a). However, the 
textural phase transition occurs, according to the present calculation, from the flare-out 
into the flare-in texture-characterised in N M R  spectra by a signature like the one in 
figure 3(c)-just where P ( r )  would become double-valued; the texture transforms in 
order to diminish the gradient energy. 
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Figure 3. The spectral distribution of the N M R  absorption, P ( w ) ,  clearly manifests the 
textural transition from the flare-out into the flare-in configuration. The calculated NMR 
signatures for the flare-out-like textures are for (a)  R = 0 and ( b )  R = 0.33 rad s-' ; note the 
countercurrent-induced peak in the latter spectrum. ( e )  The computed N M R  signal for the 
new flare-in texture at R = 0.5 rads-' .  Note, in particular, the sharp peak in the signal for 
f i  = 90"; this serves as the flare-in 'fingerprint' in NMR. Moreover, the signal is characterised 
by an appreciably broadened counterflow peak which is shifted towards sin2 = 0.8. 

Figure 4 displays experimental N M R  spectra measured at  the same temperature 
( T  = 0.58 Tc), pressure ( p  = 10.3 bar), and field ( H  = 27.3 mT) for which the 
calculations in figure 3 were performed. One finds that the overall features are rather 
well described by the proposed flare-out-flare-in textural transition. In particular, the 
appearance of the sharp peak at  sin' p = 1 and its shape (allowing for broadening due 
to finite experimental resolution) are well reproduced without any fitting parameters. 

Hakonen and Nummila (1987) also discovered events where sin' p was slightly less 
than 1.0 for the sharp new feature. This can be readily accounted for on the basis of 
figure 2(b) : it is to be expected that the boundary conditions on the cylindrical surface 
ought not be considered absolutely rigid, but rather that the textural angles x ( r  = R )  
and P ( r  = R )  should be allowed to slip, thus assuming values that would at once 
minimise the total textural energy : Fbulk + Fsurface. Other anomalous cases were reported 
as well, such as one or two peaks below sin'p = 1, accompanying the 90" signal. We 
suggest that these additional features should not be taken as evidence for yet other, 
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Figure 4. The measured N M K  spectrum as a function of the normalised frequency shift 
(according to Korhonen et ai 1989). The two lineshapes on the top are interpreted as 
corresponding to the regular flare-out-like textures, while the spectrum at the bottom is 
suggested to signal the occurrence of the flare-in-like &vector texture. 

more complicated textures, but that they could possibly be accounted for instead by a 
spectrum of bound spin waves on the present texture, localised not in the centre but 
near the wall, and determined as the eigensolutions of the Schrodinger-like spin-wave 
equation (Hakonen and Volovik 1982, Hakonen et a/ 1989a). 

5. Discussion 

One should next compute the spectrum of bound spin waves localised near the wall 
for the textures considered here and study them further by adjusting a(R)  and B(R).  
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While such work, both experimental and computational, is necessary in order to study 
the textural and the possible surface transitions in quantitative detail, it is not expected 
to change the qualitatively important new result: the vortex-free n  ̂ texture in rotating 
superfluid 3He-B undergoes a spontaneous first-order phase transition between the 
flare-out and the flare-in textures. 

I hope that the present work will serve to help in elucidating the N M R  data (Hakonen 
and Nummila 1987, Korhonen et a1 1989) on rotating 3He-B in the vortex-free states. 
One should also evaluate the real squashing (RSQ) mode spectra for the flare-out 
(fivefold splitting in an external magnetic field) and the flare-in (tenfold splitting) 
textures, so that the doubling in the number of the resonant RSQ-mode peaks could be 
utilised for identification in the ultrasonic measurements on rotating superfluid 3He-B 
(Salmelin et al 1989), just as the peak at f i  = 90" in figure 3 provides a method for 
recognising the new flare-in texture via NMR. 

The flare-out texture (just like the Mermin-Ho texture for i in the A phase) may 
be visualised as an escape of n̂  into the third dimension. The transition between the 
flare-out and flare-in textures provides an example of the novel situation where the 
'escape into the third dimension' can flip between the two different possible (+2, -?) 
orientations, owing to the orientating effect of counterflow. 

In conclusion: the first NMR experiments (Ikkala et a1 1982) on rotating 3He-B 
in the presence of vortices revealed a hysteretic transition. This was subsequently 
interpreted (for a review, see Salomaa and Volovik 1987) to signal a first-order phase 
transition between two vortices with dzfferent momentum-space topology. Later N M R  
experiments (Hakonen and Nummila 1987) on rotating 3He-B in the vortex-free state 
revealed a hysteretic transition at a critical angular velocity of rotation R = R*, 
characterised in NMR by sin2fi = 1. I find that the latter signals a first-order phase 
transition as well, currently of the order-parameter n̂  texture between the conventional 
flare-out and the new flare-in textures with the same discrete symmetries but, in the 
absence of vortices, with diflerent real-space topology. 
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